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Drag on an Oscillating Rod with Longitudinal
and Torsional Motion

Magrio J. CasaRELLA* AND PaTRICIO A. LAURA*
The Catholic University of America, Washington, D. C.

An analytical expression for the viscous drag on a smooth circular eylindrical rodlike cable
oscillating with longitudinal and torsional motion is obtained. Based on a linear damping
law, an approximate value for the drag coefficient is also presented. The analysis and con-
clusions are useful when dealing with many ocean engineering problems of practieal

importance.

Introduction

OR the analysis of many practical problems related to

the sea-state excitation of long rods and cable-body
systems for salvage, buoy, oil drilling, and towing operations,
an expression for the viscous drag force acting on the longi-
tudinal rod or cable is required. It has been shown that the
inclusion of this term can have a pronounced effect on the
tension in the rod or cable and subsequent response of the
system. For example, the propagation and attenuation of
internal stress waves and snap loads through the cable in a
cable lifting system are affected by the external viscous
damping.! The problem is also of considerable interest in
offshore oil drilling problems since a similar analysis is
usually performed.?

It is a common practice to postulate a linear relationship
between the external damping force and the surface velocity
of the rod when investigating the longitudinal vibrations
based on the wave equation. The solution of this damped
wave equation with an arbitrary damping coefficient can
show the qualitative effects of external damping. However,
the magnitude and frequency dependence of the damping
coefficient can significantly alter the nature of the solution.

The purpose of this investigation is to formulate an analyti-
cal expression for the viscous drag on a smooth circular
cylindrical rodlike cable oscillating with longitudinal and
torsional motion. An examination of the hypothesis of the
linear damping law will be made and the damping coefficient
estimated.

Formulation of the Governing Equations

An infinitely long rod or cable with a circular cross section
and no curvature is oscillating with longitudinal and torsional
motion in an environment of fluid. Through the viscous
effects at the interface of the solid and liquid, concentric
waves are propagating outward from the cable exciting the
fluid particles in an otherwise stationary state. The Navier-
Stokes equations governing the motion of the viscous fluid
can conveniently be expressed in a (r,8,2) circular cylindrical
coordinate system. After assuming that the flowfield is
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independent of 8 and z, the equations become linear and are
simplified to the form

v*/r = (1/p)0p/0r 1)
v o) 1 ov v
E‘”(&ﬁ*?a—fﬁ) @
dw o*w 1 ow
o T (s— T s:) ®)

where v(r,f) and w(r,t) are the velocity components in the @
and z directions, respectively, p is the pressure, p the density,
and » the kinematic viscosity. It should be noted that the
equation for » and w are uncoupled as a consequence of the
assumption. The kinematic boundary conditions for the
fluid particles at the surface of the circular solid of radius @
which is oscillating with preseribed velocity V, = (Vg coswt)é
areatr = a

77,
v = |I75{ cosff = V, coswt cosB
w = IVcl sinf = V, coswt sinf
where
é = cosPBéy 4 sinfé,

and as 7 — v and w approach zero. If 8 = 0° the rod
has pure torsional oscillation and if 8 = 90° it has pure longi-
tudinal oscillation. _

The tangential drag force F acting on the rod per unit
length is

F = —2na(1.485 + 7.:6.) €
or
F = —2rar,p
where
Tw = (7rg® + T2 (5)
T = u(O0/Or — v/r)]r=a (6)
Trs = UOW/OF|rmq (7)
and

X

= cosyé + sinyé,
tany = 7.,/

If the angle +y is equal to 3, then the drag force is in an opposite
direction to the velocity vector. However, this is yet to be
established. The work done by this force on the fluid anc
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Fig. 1 The functions N (z) and ¢; (z).

dissipated into heat per half-cycle of motion is

T/® T/w
We = — fo F-Vdt = 2maV, fo / T c0s(B — ) coswidt
8)

Exact and Approximate Solutions
to the Equations

The solutions to Eqgs. (2) and (3) can be obtained by the
separation of variables technique. The resulting ordinary
differential equations obtained for the spatial variable can
be expressed in terms of modified Bessel functions Ko(z) and
Ki(z) with complex arguments. Specifically, the solution
of Eq. (2) is written
Ki[(w/v)Y2r]

vt = R /v Vo]

Vo cosBett (9)

By using the relationship
Kilo/v)V2r] = iN1[{w/»)V2] exp {ig: [(w/v)2r]}  (10)

one obtains

o(rt) = M Vo cosp exp(i{wt + ¢1[<§—>1/27:| —

Ni{(w/v)" ]
CRIXE

where the functions N1(z) and ¢:(z), tabulated in Ref. 3 (p.
433), are plotted in Fig. 1.
The solution of Eq. (3) was first obtained by Stokes* in
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1886 and is written

Ko[(Gw/v)Y %]
Ko[(iw/v) %)

Again, using the relationship
Kol(iw/v)Vr] = Nol(w/v)V?r] expligol(w/v)V2r]} (13)

one obtains
No V2 i . Uz
w(rt) = _No[[((:://v))”?a} Vo sing exp(z[wt + ¢o|:<:—°> r] —

A () e]l) oo

where the functions No(z) and ¢o(z) are listed in Ref. 3 (p.
433) and are shown in Fig. 2. The velocity profiles given by
Egs. (11) and (14) for »(r,) and w(r,t) are shown in Figs. 3
and 4 for various intervals of the cycle and @ = 4. Since a
large value of « was chosen for these profiles, the asymptotical
expansions [Eqs. (19-22)] allow Egs. (11) and (14) to be
approximately the same and hence Figs. 3 and 4 are remark-
ably similar. By using the differential formulas (Ref. 3, p.
376),

wrt) = Vo sinfBetet (12)

(d/dz) [Ko(az)] = —aKi(az) (13)
(d/dz)|Ki(az)] = —aKo(az) — (1/2)Ki(az)  (16)

and combining these relationships with Eqgs. (6; 7, 9, 10, 12,
and 13), the values of the shear stresses become
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Fig. 2 The functions ¥, (z) and ¢, (3).
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Fig.3 v/(V, cosp) for o = (w/v)t a = 112.

Tre = % %ZEZ; Vo sinf cos(wt + ¢) (18)
where
a = (w/v)'*a, § = di(@) — ¢o(a) — 7/4
1 = ¢ole) ~ d1(a) + 3w/4
tans — siny
cosn — (2/a)Ni(a)/No(e)
and

T 2 /
L= [ cosn — E-A,l(a) + si1121;:|1 :
a No(a)

where the functions No(z) and ¢o(2) are listed in Ref, 3.
The critical parameter in these results is (w/»)Y%a. For

some practical oceanographic problems, the parameters can
be bounded by

1.0 X 1077 < v < 2.0 X 107% {t*/sec
1 < w/27 < 10 eps
thus
560 < (w/v)V2 < 1770 ft!

110

1.09

Wt=37/2

Fig. 4 w/(V; sing) for « = (w/p) a = 112.
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Fig. 5 The dimensionless shear stresses r7,4/[u{a/a)-
Vicosg).

The minimum value of (w/v)!% for a %-in.-diam rod might
be approximately 5.05.

The results can be greatly simplified if (w/v)"%a= a > 1
by using the asymptotic formulas Ref. 3, p. 383

No(2) ~ <L>1/2 exp(—z/2V%) X

2z
) 1 1 133
{1 + 2562 - 2048(2)1/2,23} (19)

- 8(2)Vz
;1 1 1 25
$l&) >~ = 5n T g T T som T e T ssagyuee
(20)
Vi = ()" expl—z/2) x
Nilz) = % exp(—z
3 9 327
{1 t o T e ~ wsem| Y
: 5 3 3 21
$le) == ol T T T gy T Ter T 1282

(22)

If one neglects terms of order of 1/z in Eqgs. (19-22) and
substitutes these simplified expressions into Egs. (17) and
(18), the latter equations become

7rg =~ u{a/a)Vy cosf cos(wt — 3mw/4) (23)
and
Tre =~ pla/a)Vy sinf cos(wt — 3m/4) (24)

As a result of these approximations, the simplified solutions
given by Egs. (23) and (24) are independent of the diameter
of the rod.

A comparison of the approximate and exact expressions for
7.9 and 7., over one cycle with & = (w/v)"%a as a parameter
are shown in Figs. 5 and 6.

Comparison and Application of the Results

The exact velocity profiles for v(rt) and w(rt) are given
by Eqgs. (11) and (14). The maximum particle velocity for

v.sinf)
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a
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Fig. 6 The dimensionless shear stresses 7. /[u(a/a)-

VoSinﬂ] .
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Fig. 7 The dimensionless total shear stresses rw/[u(a/a)-
V] for 3 = 45°.

the pure rotatory oscillation (8 = 0°) is given by
(©/Vo)max = Ni[(w/»)"?r]/Nil(w/v)*?a] (25)

and this analytical result is in excellent agreement with the
data obtained in an experiment performed in oil with o ~
1.33 by Winny.* This data is superimposed in Fig. 1.

For the special case of o > 1, the magnitude of the shear
stress becomes

Ty = plw/v)V2 Vy cos(wt — 3m/4)(oscillating cylinder) (26)

and is independent of the angle 8 and the radius of the rod.
The drag force is in the opposite direction to the velocity since

tany = 7./ >~ tanpf (27)

It is interesting to compare the expression for the shear
stress on the wall of an oscillating flat plate (Ref. 6);

1o = ulw/v)V2V, cos(wt — 3mw/4)(oscillating flat plate) (28)

which is identical to the simplified expression given pre-
viously.

For the case « of the order 1, the results for 7,, will be quite
different as shown in Fig. 7, which compare the exact and
approximate values of 7, over the range of values of « and
B = 45°.

It should also be noted that for small values of the param-
eter the direction of the drag force (angle ) varies over the
cycle and is not equal to the angle B8, the direction of the
oscillatory motion.

An expression for the drag coefficient can be obtained by
equating the work done on the fluid by a hypothesized drag
force of the form

FH = —(CV e (29)
which is

27 o /@
Fu-Vdt=C f Ty (30)
to the exact expression given by Eq. (8). This gives

2 /@ T/w
C = I;l:j (fo / cos(y — B)7w coswtdt/fo / cosn 1 wtdt)
81)

where V., = V, coswt.
The only meaningful case for which the drag coefficient C
is independent of Vo is n = 1 since 7, is proportional to V.
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Fig. 8 Variation of
C/(na) with «.

By using the approximate expression given by Eq. (26) for
Tw, ONE obtains from Eq. (33) the simple expression for the
case n = 1 of

C = 445ua (32)

Using the values of « of 100 and p = 3 X 107% lb-sec/ft?, the
drag coefficient is C' = 0.0134. For the case of the tangential
drag coefficient on a cable with uniform flow, Pode™ has ex-
perimentally obtained

Cr = F/ipVetd ~ 0.02

A comparison of the exact values of C for 8 = 0° and 8 =
90° given by Eq. (31) and the approximate expression Eq.
(32) are shown in Fig. 8 for various values of «.
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